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After publishing my first paper, I intended to discuss a corresponding 
problem in geophysics. Here I have treated the effect of the daily and annual 
changes of temperature in the earth crust. I have concluded that: 

(I) There are also the daily and annual changes of the deformation of 
the earth crust. 

(II) The magnitudes of deformation at the surface are 10-° cm for a day 
and 10cm for a year, at most. 

(III) The magnitude of deformation decreases exponentially as the depth 
increases. 

(IV) The phase difference between the corresponding harmonics of tem- 
perature and deformation is = i.e, 3 hours for the daily change and 1,5 
months for the annual change. 

In gencral, thermal stresses do not exist in the earth when the distribu- 
tion of invariable temperature is any given function of depth only. Only the 
normal stress of small magnitude exists in the earth when the earth temperature 
is a function of the depth as well as the time. 

Since the effect of temperature on the deformation of an elastic body is 
mainly determined by its distribution at the instant under consideration ; the 
most general solution which is described in this paper is almost identical with 
that for the deformation of elastic body for any given distribution of invariable 
temperature. The solutions are constructed so as to satisfy the condition 
that the surface is free from traction. 

§1 If we start from the state of invariable temperature with any given 
invariable distribution of heat f(z) in a semi-elastic body, then the distribution” 


of temperature, displacement and normal stress are given by, 
(1) The part I of the present paper was published in Vol. IV of this magazine. 
(2) Geophys. Mag., Vol. IV, p. 299 (1931). 
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which satisfies the boundary condition that the surface x=0 is free from 
traction. 

Since Lamé’s constants A aud » are very large compared with the density 
p and the diffusivity a’, we may approximately put 


u= _ 2 [real e7 7" cos ex sin a& de, 


Xz=0, 
which can be obtained by finding the solution for the displacement corresponds 
to the distribution of invariable temperature as 


v= [yak ["o-"sin ox sin af dee 
T “uo 


t being considered as a parameter. As described above, the effects of variable 
temperature on the deformation and stress of an elastic body are mainly 
determined by the distribution of temperature at the instant under considera- 
tion”, we may say that if the deformations and stresses for any given distri- 
bution of invariable temperature are obtained, then the problem is solved 
almost perfectly. 


In general if we put p=é=0 in (1.1), (1.2) and (1.8), we get as 


xa ® {Ede {sin om ain of der, (1.4) 
aw Jo 4 
u=— ef penae [™ . cos ax sin af da, (1.5) 
and X=0. (1.6) 





(1) Prof. K. Sezawa insisted this opinion before the January Meeting of the Earthquake 
Research Institue, Tokyé. I owed also to Mr. G. Nishimura’s discussions read before that Meetings. 
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(1.5) and (1.6) express the displacement and normal stress corresponding 
any given distribution of heat. 

§2. If the temperature at the surface of earth is a periodic function whose 
period is one day or one year, it can be expressed by a Fouricr’s series of 
the form 

F)=bo+ Did sin(met + xn), 


where the axis of z is taken vertically downwards, bo is the mean temperature, 
2. 
«@ stands for ee OF ete ee = and b) and bm are the cons- 
24 x 60 x 60 365 x 24 x 60 x 60 sec 
tants properly determined from the observations. 
Then the corresponding distribution of temperature is given by 
= Mf afew, \ 
T=6 bse * * sin | mwot— Ve +Km)- 
vt 2, ( a 2 
As shown above, the effect due to the time-variation of temperature is 
very small and may be neglected, hence we may safely discuss the daily or 
annual periodic deformation of the earth by calculating the deformation 
corresponds to the distribution of temperature for each instant during the 
periodic process. Thus we may put in (1.5) as 
Ls ~ fyme Ere 
S(E)=bot+ > due a! 2’ gin (met — E y/o +n) ’ 
mel a 4 
and may suppose ¢ as a parameter. Thus we have, even if j(z) is uot zero 
at a=0, 


eee a = fle. E./me ci ae 
u= =| {bot Didae sin (met—= es +4m)} ae [ 7, 008 ox sin a& da, 
(2.1) 
X,7=0. (2.2) 


Using the relations : 


fe eg 0 AE q<—p or qg>p, 


J; a 
7 if g=—p or q=p, 
ES if -p<q<p, 


(1) W. E. Byerly; Fourier's Series ete., p. $9 (1893). 
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and fevsin gz dz= ——‘ e “(p sin ¢ sin j2= bees | cos cos gz) 
P+e 
we have 


ua —£ bd El? — ae se bu! : F sin (raat 2 1/ mee en). (2.3) 


mot 





The above expression contains ie term corresponding to the infinity. To avoid 
the difficulty we must take the state corresponding to the uniform temperature 
by as the standard states, i-c., we must subtract the term for deformation 
corresponding for the constant temperature bo, which is given by 


~ g Ele. 


Thus we have 


eae sin (mest - y/o + Ka— a ) : (2.4) 


wel 
We can ae aes 6 8) and (2.4) satisfies the thermoelastic equation 
(r+ 2 ye = A+2 2u aT : 
3 ox 
Thus we may conclude as follows :— 

(I) The displacement due to the earth temperature changes periodically 
with the period, one day or one year. 

(II) The magnitude of displacement decreases exponentially with increasing 
depth. 

(III) The phase dilference between the corresponding harmonics of 
temperature and displacement is yor 8 hours for daily change and 1,5 months 
for annual change. This fact is not inconsistent with the opinion that the effect 
of temperature on the deformation is mainly determined by the distribution of 
temperature at the instant under consideration. This is the result of the 
elongation and contraction of masses in the deeper interior of the earth. 

(IV) For any depth, the amplitude of the earth temperature wave can 
be reduced to that of the deformation by multiplying 


ac 1 (ai - length \ 
— imension: =——j. 
3 me degree / 


This is the results of the clongation and contraction of the masses in the 


deeper layers of the earth. 





(1) (—u) express the displacement with regard to the z-axis taken vertically upwards. 
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Since 
=0.01 
£2201 107% 
3 
ae SEN, for daily change 
24x 60x60 
o=- 
| eeetes are for annual change 
365 x 24 x 60 x 60 
; 10°C for daily change 
ai lore for annual change 


approximately, the daily displacement at the surface is 10™cem and the annual 
deformation is 107! cm, at most. 

(V) The thermal stresses due to the daily or annual change of the earth 
temperature arc negligibly small. 

As for example, if the daily change of the earth temperature at the 
surface is given by 








Fig. I. 
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T.20=7,°38 siu(wt + 71°30’) + 2,°15 sin(Qet + 71°40’), 
then the corresponding displacement becomes 
ae (7,°38 -=y2_. ( 2/3 Fs 2 
por-—- + ¢ a! B8in (wt — ~~ »_ -++- 206°30' 
wee Se laa af 2 
2°15 - 
= 
y2w 
For this case, the temperature and the displacement at the surface are tabulated 
in Table I and illustrated in Fig. I. 


Table I. 


4 


2’? sin (201 ae ee 206°40')| / 
a 














6 & 108 


—4.37/ - 0.14) 5.29 


Time 1am | a4 108 | 18> | 20" | a2 | 2am o | * 
ek Decca ee 


Earth oe 8.99 879) 5.06 o29| —3.07| - 4.42 — 4.91] —5.58 — 5.92 


























—t 
| Displuement (xf) |-464 —895—956 -659 —206 46 | B04} 590/ 760) s49| 652 | 150 
§3. For the present purpose, the solution for a three dimensional case in 
a. semi-infinite elastic body obtained in my first paper may be modified as 
follows : 
To ihe particular solutions in the Ist paper 
uo Pe 4202+? * sin eae —E)cos B(y—) sin yz sin 7 
vy = Q e787? +? +7? Hoos a(x —E)sin A(y— 7) sin yz sin yf f ; 
dy = ReW 9742+? + co «x(a —E)cos Aly —7)cos yz sin 7¢ 
we must add the components of displacement satisfying 


3 
(A+2u)grad div §—yp rot rot s=pS 


ag follows: 
w= Pye 88 +B 4 YN e- Wei a(x —E)cos B(y—) 
= QyeW FF BE+ MeN COs a(x—E)sin B(y—n) | 
wr = yen 07424-0098 a(x —~E)cos B(y —7) 

and 
Use Pre (9? 482+ Ye 72811) O(c —E)cos By — 7) 
a= Qeem 107482 +99 722005 (2 —E)sin B(y—7) | . 
w= Rae"? +87 +? 722008 o(¢ — E)eos B(y—7) 

(1) This expression was used by R. Kuraisi in his recent paper ‘‘On the Conduction of 


Heat in a Semi-infinite Solid partially covered with Insulating Material.” Geophys. Mag., Okada 
Volume, p. 344 (1922). 
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where 
Py:0=Q,:8=Ri:n, (8.1) 
Pre + Q.8—Rry:=0, (3.2) 
and 
4 3 4 oe 
POL ta Eat 2 en ye (3.3) 
A+ 2p 
4 2 2 s\2 
yt Kot O47) ots Bt. (3.4) 
» 


The first set is the expressions for the displacement satisfying rot 8=0, while 
the second set is the expressions for the displacement satisfying div 8=0. 
From the conditions Z:=Z.=Z,=0 at z=0, we have 

A(Pia + Q:8— Rigs) —2eRin — 2wR.y:=0 

— Pyyi— Rye — P.y.— R20 + (Py— Rea)sin yf =0 (3.5) 

—Qmnm—RMB- Q:7:— RaB+ (Qy — RB8)sinyf = 0 
By virtue of (8.1), (3.2) and (3.5), Py, Q:1, Ri: Ps Q: and R: ean be expressed 
in terms of P, Q and R. Thus if we start from any given distribution of 
invariable heat we can obtain the required solutions, by adding u: and wz to 
uw etc. and integrating as follows : 


= Af ff “ag f “dee [as i “dy. (3.6) 


LPLS(E, 0, O))sinyzsin yf + Prow™! + PreW7™ | e079? +8248 gi n (2 —E)cosA(y— 1), ete. 


As shown above, the effect due to the time variation of heat is very smal] 
and may be neglected. Hence we can safely discuss the effect of temperature 
by caleulating the deformation due to the distribution of temperature at the 
instant under consideration. If the distribution of heat in a semi-infinite 
clastic body is given by any given function (x,y,z), then the displacements 
ure given by, by putting p=f=0, in Eqs. (8.3), (8.4), (3.6), 

2 pe pe pe pe pee ae 
w= ae f el dt { def da f dy 
{ PLE, n, O)]sin yz sin y+ Pre + Pie’ }sin a(a—F)cos S(y—7), ete., 
where 
(a+ Sno, nt) |% Sa eae : Bal, 
DIRE so) re oct B (A+ 2B) SF + wll +7) Petey , 
—7 —Q+H)BY (A+ 24)9 + plo? + 8") 
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(A+2p) a7 + (+7) (A+ p)aB8 —(A+ pay 
A= |(A+n)a8 (A+ 2u) A? + plo? +97) —(a+p)By|, 
—(A+ Boy —A+p)By (A+ 2p) + ple? + B’) 


Y=Rn= oe + 
Hence the solution for the most general case is obtained. The solution for 


two dimensional case can similarly be obtained. 


